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Abstract

This paper extends the concept of a local energy approach to homogeneous structures which are coupled with an
auxiliary resonant system. The case of a one-dimensional homogeneous master structure (bar, beam) coupled over its
length with a homogeneous auxiliary system composed of resonant arbitrary subsystems is analyzed. It is shown that under
specific assumptions, the vibrational energy density of the coupled master structure can be predicted by solving a simple
energetic boundary value problem that accounts for the mechanical coupling with the auxiliary subsystem. In the context
of vibrational energy propagation, an important question is whether heterogeneity introduced by the auxiliary system
enhances the diffusive behavior of the master structure. Numerical results for various types of auxiliary systems show that
the effective diffusion coefficient of the coupled system is generally increased compared to the uncoupled master structure.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Energy methods are well suited to predict the vibratory behavior of complex structures in the mid- and high-
frequency range. The statistical energy analysis (SEA) is a global energy approach [1,2] that proposes a
description of the vibrational energy in systems consisting of weakly coupled subsystems. In the mid- and
high-frequency range, SEA provides an approximation of the spatially averaged energy of these subsystems.
The application of SEA is subject to several specific assumptions: white noise excitation over a frequency band
Aw; equal distribution of the energy over the various modes of a given subsystem in the frequency band Aw.
The second condition is guaranteed for simple structure such as homogeneous plates, but not necessarily for
complex structures. One difficulty of SEA is the evaluation of the coupling loss factor between connected
subsystems [1,2], which allows evaluation of energy flow between these subsystems.

On the other hand, prediction of local energy in structures is possible using a thermal conductivity analogy
[3], allowing a diffusion model of vibrational energy in structures. This approach has several advantages: a
diffusion equation is a second-order differential equation which is simpler to solve than a classical
displacement equation, the vibratory behavior of complex structures can therefore be approximated using a
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thermal finite element solver; moreover, the solution of a diffusion equation is spatially smoother than the
solution of the displacement problem, and under specific conditions provides a spatial average of the exact
energy distribution in structures [4—8]. However, the applicability of a diffusion model for vibrating structures,
as proposed by the thermal analogy, is based on two fundamental assumptions [9]: (1) at any point of the
structure, the potential and the kinetic energy densities are equal; (2) a Fourier law, stating that the structural
intensity is proportional to the gradient of the total energy density is assumed at any point in the structure. In
fact, Le Bot et al. [4] have shown that the exact energetic model for a homogeneous Euler—Bernoulli beam is
strictly different from a diffusion model. Ichchou et al. [10] have correctly derived the conditions required to
formulate a diffusion equation inside a non-loaded homogenecous one-dimensional system (bar or beam).
These conditions are: (1) linear and elastic system; (2) steady state conditions with harmonic excitations at
frequency ; (3) small hysteretic damping loss factor; (4) far from singularities, evanescent waves are
neglected; (5) interference between progressive waves is not taken into account.

Under these assumptions, Langley [11] has shown that a homogeneous two-dimensional system (membrane,
plate), whose displacement field can be decomposed into progressive plane waves, can be modeled as a
diffusion equation according to the thermal analogy. Other authors have shown that the fact of neglecting the
interference between progressive waves is equivalent to performing a spatial average of the energy quantities
over half a wavelength [5-8]. Here again, the systems being studied are homogeneous and free of excitations.

In this paper, we propose to extend the concept of a local energy approach to homogeneous one-
dimensional structures which are coupled with an homogeneous auxiliary system composed of resonant
subsystems. The underlying question is whether heterogeneity introduced by the auxiliary subsystems
enhances the diffusive behavior of the master structure. Diffusion models of a coupled bar and of a coupled
beam are successively derived. In each case, it is shown that the vibrational energy density of the coupled
master structure can be predicted by solving two energetic boundary value problems that account for the
boundary impedance of the auxiliary system. Numerical results are presented for various types of auxiliary
subsystems, especially the case of continuous “fuzzy” subsystems, as described in References [9,12]. In the
context of energy diffusion, the proposed model has the advantage of characterizing the coupled master
structure by a single diffusion coefficient.

2. Energetic model for a bar

The energy behavior of a homogeneous bar (master structure) coupled with a homogeneous and orthotropic
auxiliary system composed of identical and independent elastic subsystems is investigated in this section. Both
the potential energy density and the kinetic energy density are studied, since these two quantities are not
generally equal for a coupled system.

2.1. Energy equation of a bar coupled with an auxiliary system

Let us consider a homogeneous elastic bar (master structure) of length L, as illustrated in Fig. 1, coupled
over its length with an auxiliary system, and set in steady-state vibration by an external harmonic excitation of
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Fig. 1. Dynamic equilibrium of a bar coupled to an auxiliary system.
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frequency w/2n. The coupling surface between the bar and the auxiliary system is denoted by I'. It is assumed
that the auxiliary system satisfies the following properties [9]:

(H1) On I, the auxiliary system is composed of a large number of identical and independent subsystems,
uniformly distributed and coupled in a similar manner over I.

(H2) The surface I' can be discretized into coupling subsurfaces of identical area, such that, on each coupling
subsurface, the master structure is coupled with only one subsystem.

(H3) The displacement is constant over each subsurface.

(H4) Relative to each subsurface, each subsystem is excited in a same direction.

(HS5) The surface force and surface displacement are collinear at any coupling point.

Specifically, the above assumptions describe an auxiliary system which is homogeneous and orthotropic on
I', and which is continuously coupled with the master structure. In this context, it has been shown in
References [9,12] that the mechanical action fapplied by the bar (master structure) to the auxiliary system can
be modeled on I' from a boundary impedance Z:

f=1iwZ(@)u on I, (1)

where u represents the longitudinal displacement. The dynamic equilibrium of an element dx of the elastic bar
leads to [13]

d
AL L PpAu—f x =0, )
Ox

where A and p represent the cross-sectional areca and the mass density of the bar, respectively, ¢ is the
longitudinal stress which is related to the displacement by ¢ = EQu/0x [13] (E is the complex Young’s
modulus, defined by E = Ey(1 + i) where E, and 5 represent the Young’s modulus and the loss factor of the
bar, respectively). Finally, / represents an arbitrary coupling dimension along the bar width (see Fig. 1), the
coupling surface area being given by |I'| = L x /.

Combining Egs. (1) and (2) results in

o%u . .
—+(@+1i1h)u=0 1in]0, L], 3)
0x?
where
w’pA —inZ x [ w’pA —inZ x [

It is assumed that the solution of Eq. (3) consists of weakly damped progressive waves, provided that: (1) >0,
(2) b0 and (3) ny} <1 where 5yt = |b/a| is defined, for a0, as the equivalent damping of the bar coupled

bar bar
with the auxiliary system. Indeed, under assumptions (1)—(3), Eq. (3) takes the familiar form
o*u 2 .
@ + (k;:r) (1 - mebsllr)u =0, (5)
where k;‘;r is the wavenumber of the bar coupled with the auxiliary system, (kﬁgr)z = a. The establishment of

Eq. (5) is based on the fact that <0 [9]. The equivalent damping #;. can be formulated from the components
of the boundary impedance Z, which can be deterministically formulated by [9,12]

inZ = —w? (,uo + R) +iwl on T, (6)

where py+ R and [ stand for the apparent mass per unit area and the apparent damping per unit area of the

auxiliary system, respectively. Hence, under assumptions (1)—(3), the equivalent damping neb‘ir writes [9]
ol x 1

@?(pA+ (o + R) x 1)’

The second term of the right-hand side of Eq. (7) represents the damping introduced by the auxiliary system:
this term depends on the apparent damping I of the auxiliary system and on the mass per unit length

Moar A 1+ (7)
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pA + (g + R) x [ of the bar coupled with the auxiliary system. Moreover, it can be shown that the second
term of the right-hand side of Eq. (7) is always positive [9]: in other words, the auxiliary system always
introduces damping. When Z = 0, it can be verified that »,] = 5. Moreover, I = 0 results in 5., = n which
means that the damping of the bar is not modified by added point masses. Finally, #;] — oo when a— 0: this
behavior will be numerically highlighted in Section 2.3 concerning an auxiliary system composed of linear
oscillators.

In the following, an energy approach instead of displacement Eq. (3) is used to solve the dynamics of the
coupled system. The time-averaged potential energy density U (J/m) and the time-averaged kinetic energy
density 7 (J/m) of the bar (master structure), integrated over the section of the bar, are given by [9,14]

EoA0udu EoAk}
_ — 8,9
4 oxox g ®.9)
where kg is the wavenumber of the uncoupled bar, ké = w’p/Ey, and “— stands for the complex conjugate.

Using Egs. (3), (8) and (9), it can be shown that these energy densities are solutions of a single fourth-order
differential equation:
4 2
271: + 4a271; —4b’F =0 in]0, LJ. (10)
In this equation, F designates either U or T. It is possible to establish (see Appendix A) that under conditions
(1)—(3) stated previously, solution x+ F can be expressed as the sum of two functions, x> G and x+—> H, which
are solutions of the following second-order differential equations:

0’G 2 .
7 a(ned)"G=0 in]0, LI, (11)
*H :
el +4aH =0 1in]0, L], (12)
where npi = [b/al. Egs. (11) and (12) are a diffusion equation and a wave equation, respectively. The solution

of Eq. (11) is analogous to the solution of a heat diffusion equation: it is composed of two exponentially
decaying terms and its spatial variations depend on the dissipation phenomena that occur in the coupled
bar. The solution of Eq. (12) is composed of oscillatory functions that result from the interference between
progressive extensional waves: in the following, it is assumed that this part of the solution can be
neglected [10], which means that ||H| <|G||Vx. The validity of this hypothesis is discussed in Section 2.3.
Hence, under conditions (1)-(3) and under the assumption that the progressive waves are not taken into
account in the evaluation of the energies, the potential and kinetic energies of the bar are solutions of a
diffusion equation:

O*F

0x?2

where the diffusion coefficient, namely ygi(m™"), is defined from the equivalent damping of the coupled bar
eq .
Mpar (EQ. (7)):

— (yar) ' F =0 in]0, L[, (13)

Vaitt = MpgrV4- (14)
The general solution of Eq. (13) is
F = oe /e~ 4 Bela™ (15)

where the spatial variations of the solution x+ F are related to the diffusion coefficient yg;st.

2.2. Energetic boundary conditions

The determination of the constants o and f§ in Eq. (15) requires energetic boundary conditions of the system,
atx = 0 and L. We assume that conditions (1) a>0, (2) b#0 and (3) 5. < 1 previously stated are satisfied. The
energetic boundary conditions can be formulated in terms of active power. This approach is interesting in
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practice because active power at the end of a bar can easily be measured [15]. Active power P(x,w) is defined
at position x € [0, L] and at frequency w/2x, from the energy flow [9] entering the bar element illustrated
in Fig. 1 [8]:

1 . Ou _
P= ERe{la)EAau}. (16)

Considering Egs. (8) and (9), it can be easily shown (see Reference [9]) that the active power can be expressed
either from the potential energy density, or from the kinetic energy density:

—__® 2 ou
= @) (( ) +(4a + 2b” — 2abn) Gx) (17)
or
w a* oT

A rigorous derivation of the energetic boundary conditions requires to consider both exponential and
oscillatory solutions in the potential and kinetic energies: U = Ugir + UwaveVX €]0, L[ where
x> Ugigr and x> Uyyye are solutions of diffusion Eq. (11) and wave Eq. (12), respectively; similarly,
T = Tairt + TwaveVx €]0, L[ where x— Tgir and x> Tyave are solutions of diffusion Eq. (11) and wave Eq.
(12), respectively.

2.2.1. Potential energy density boundary value problem

Under the assumptions . = |b/a|<1and n<1 (the structural damping of the bar is weak), the active
power given by Eq. (17) can be simplified assuming P = Pgisr + Pyave, Where Pgir and Py, are expressed for
a,b#0 (assumptions (1) and (2)) as functions of Ugisr and Uyaye from Egs. (11) and (12):

203Ut
Pyg; 19
ditt ¥ === (19)
and
Pwave ~ w(b/a + ’7) a Uwave (20)
a Ox

From Eq. (15), solution G = Ug; of diffusion Eq. (I11) can be expressed as G= G 4+ G, such that
0G* /ox = Fhpa N G*. Similarly, solution H = U,y of wave Eq. (12) can be expressed from components
H" and H™ propagating in opposite directions (H = H* + H~) and such that 0H*/0x = F2i/a H*. The
corresponding expressions for the active power are Pyiy ~ F2wnpa /a/b Uy and PE, . ~ F2iw(b/a+1n)/

JVa Ug,.. which leads to || Pyy|| ~ 20//a||Ugig|| and || PE, || <20 (npd, + 1) //a||Us,el|- Assuming that
| Usis|| and || Uyl are of the same order Vx €]0, L[ and considering the fact that ;<1 (assumption (3))

and n < 1, it appears that component PE, . can be neglected compared to component P Hence P~ Pyjg.
The energy flow resulting from the oscillatory solution is therefore neglected. To summarize, the single
quantity being taken into account in the calculation of the active power is the solution of diffusion Eq. (13).
The potential energy density of the system is thus obtained by solving an energetic boundary value problem,

under the conditions (1) a>0, (2) b0, (3) ny. <1 and n<1:

wave

o*U

# — Ga(@)’U(x,0) =0, x€l0, L],

oU(x, w) b(w) dU(x, ») b(w) 1)
Ox =0 2w P(O ) Ox —l 2w P(L )
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2.2.2. Kinetic energy density boundary value problem

Similarly, under the assumptions 7y <1 and <1, the active power given by Eq. (18) can be simplified
assuming P = Pgisr + Pyave, Where Pgyirr and Py, are expressed for b#£0 (assumption (2)) as a function of Ty
and Tyave from Eqgs. (11) and (12):

ZwaaTdiff
Pgisr ~ — 22
> 22)
and
on 0Ty,
Pyave = k_% av;/:ve . (23)

As previously established for the potential energy density, it can be shown that active power components P
of Py are related to the kinetic energy density components T3 of Tuir by Phi & F2wnpa av/a/ (bkz) Tjiff.
Moreover, the active power component PZ, . of Py are related to 7%, . by PE, .~ FlionJa/ky TZ,...
These results lead to || P5y|| & 20y/a/k; || TE: || and || PE, || & 20my/a/kg || TE .|| Assuming that || 75| and
|2
can be neglected compared to components Pi. Hence P Py The kinetic energy density of the bar is thus
obtained by solving the following energetic boundary value problem, under the conditions (1) a>0, (2) b#£0,
(3) np <1 and n<1:

|| are of the same order Vx €]0, L[ and considering the fact that 5 <1, it appears that components PX

wave wave

62
% — Qun(@)’T(x,0) =0, x €0, L],
T (x. ) b(w)k (w) 0.0, M b(w)k (w) P(L.o) (24)

ox o 2wa(w)

X

x |, 2waw)

It should be noted that k%U =aTV x e[0, L]. In the case where a;ék(z) (bar coupled with an auxiliary
system), we observe that U # T, whereas it is commonly assumed that U = T when interference of progressive
waves is neglected. This may be explained by the fact that in our case the homogeneous bar contains excitation
sources (action of the coupled system), whereas the equality of the potential energy and kinetic energy holds
for a system which does not contain excitation sources [10]. In the case of an uncoupled bar (a = k(z)), the
above energetic boundary value problems are identical to the results found in the literature [10]: in this case,

Vi X Pw? / ¢, where ¢, represents the group velocity of the waves propagating in the bar, ¢, = (Eo/ p)l/ 2 It
can also be verlﬁed that 0U /O0x = 0T /ox ~ —(nw/ 2C§)P Vx. The two boundary value problems (21) and (24)
are then equivalent which implies that U = T Vx.

2.3. Numerical results

In the following, the numerical solutions of the diffusion Eq. (13), obtained by solving energetic
boundary value problems (21) and (24), are compared to the exact energy densities, obtained by solving the
exact displacement Eq. (3) and using Eqgs. (8) and (9) to derive the exact potential and kinetic energy of the
coupled bar.

2.3.1. A bar coupled with a deterministic auxiliary system

The case under study consists of a free—clamped homogenous bar of length L = 1 m, coupled with a
homogenous resonant auxiliary system composed of N = 100 identical linear oscillators uniformly distributed
over the length of the bar. An element of the coupled bar is illustrated in Fig. 2 (the bar is free at x = 0 and
clamped at x = L). The characteristics of the bar are: Young’s modulus E,=2.1x 10" Pa, density
p = 7800 kg/m>, cross-sectional area 4 = 10~*m? and loss factor n = 5 x 107>. The bar is excited at the free
end (x = 0) by a harmonic force of amplitude F = 1000 N. The energetic boundary conditions of the system
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Fig. 2. Homogeneous elastic bar coupled with identical linear oscillators.
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Fig. 3. Plot of the functions: (a) w—>a(w)/ap(w) and (b) wr—>|b(a))+—>/a(w)} in the case of the homogenous bar coupled with the linear
oscillators.

are P(0,w) = Pipj(w) (free end), where Piy; is the injected power calculated from the solution of Eq. (3),
Pij(w) = —%Re{inu(O, a))} (25)

and P(L,®) = 0 (clamped end).

Each oscillator has mass M = 10> kg (the ratio between the mass of the auxiliary system and the mass of
the bar is about 13%), natural frequency Q/2n = 5 x 10*Hz and loss factor #/ = 5 x 1072 The boundary
impedance Z of the auxiliary system, which models its action on the bar (master structure) can be formulated
at frequency w /2n [9]:

iwZ(w) = _szoscil +iwlosi on T, (26)

where R represents the apparent mass per unit area of the oscillators:

_ M (©Q/oy(@/w)’(+n) — 1)

Roscit = 27
"8 (@) — 1 + Qo) D
and /I represents the apparent damping per unit area of the oscillators:
M o(Q/w)?
Ioscil = ( / ) 1 (28)

S (Q/o) = 1) + n(Q/w)*
with S = |I'|/N.

It is first useful to verify the conditions (1) >0, (2) b0 and (3) ny, |b/al <1 (a and b are defined by Eq. (4))
required for the validity of energetic boundary value problems (21) and (24): for this purpose, the functions
wa/ay (where ag = az(g)=0 = ké) and w7yl , which represents the equivalent damping of the coupled bar,
are plotted in the frequency range centered on the natural frequency Q/27 of the oscillators (Fig. 3). At 10* Hz,
the uncoupled bar contains almost two extensional wavelengths, whereas at 10°Hz, the uncoupled bar
contains almost 19 wavelengths.
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Below the natural frequency @Q/2n, the action of the oscillators on the bar is an added mass and we observe
that a/ay > 1V w < Q. Above the natural frequency Q/2x, the action of the oscillators is an added stiffness and
a/ay <1V w> Q. Furthermore, the function w—a/a, takes negative values (hence condition (1) is violated) in
the frequency range [5 x 10*Hz, 5.4 x 10*Hz]. On the other hand, the equivalent damping of the coupled bar
Near = |b/al is strictly positive in the frequency band under consideration, which implies that condition (2) b#0
is satisfied. Moreover, 5] o0 when a/aq vanishes. Therefore, condition (3) npa. <1 is violated close to the
natural frequency Q/27n of the oscillators. Far enough from the natural frequency, the equivalent damping of
the coupled bar is approximately equal to the loss factor of the bar, = 5 x 107>, Near the natural frequency
Q/27, a strong energy transfer occurs from the bar to the resonant oscillators and the resulting equivalent
damping cannot be considered negligible.

The potential energy and kinetic energy densities at position x = L/2 are presented in Fig. 4 as a function of
frequency. The diffusion coefficient of the bar coupled with the oscillators y4irr (Eq. (14)) is compared to the
diffusion coefficient of the uncoupled bar (Z = 0) in Fig. 5. In Fig. 4, the modal behavior is well captured by

Potential energy density (J/m)
S
Kinetic energy density (J/m)

(a) Frequency (Hz) (b) Frequency (Hz)

Fig. 4. (a) Potential energy density and (b) kinetic energy density of the homogeneous bar coupled with the linear oscillators, at position
x = L/2: ——, exact values; ——, solutions of the diffusion equation.

10°

10°

—_
(=)
©

Vaif(©) (m)

10° 10°
Frequency (Hz)

Fig. 5. Diffusion coefficient of the homogenous bar coupled with the linear oscillators (——) and diffusion coefficient of the uncoupled
homogeneous bar (——).
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the diffusion model because the boundary condition in terms of input power is exactly calculated. The
deviation between the solutions of the diffusion equation and the exact energy densities results from the
interference between progressive waves. This deviation decreases close to the resonance of the oscillators, as
both the response of the oscillators and the diffusion coefficient increases: the diffusive behavior of the bar is
enhanced by the energy transfer in the auxiliary system. The appropriateness of the diffusion model to describe
the system dynamics is limited by the following two aspects: (1) far from resonance of the oscillators (small
diffusion coefficient), the interference between progressive waves introduces important differences between
energy-based prediction and exact values; (2) in the frequency range [4.5 x 10*Hz, 5.7 x 10* Hz], the diffusion
coefficient and equivalent damping of the system become too large to be compatible with the assumptions of
the diffusion equation model.

To highlight the above results, the spatial variations of the potential and kinetic energies along the bar are
plotted at a frequency closed to the natural frequency of the oscillators, w; /2n = 4.4 x 10* Hz (Fig. 6), and at
a frequency far from the natural frequency of the oscillators, w,/2n =7 x 10*Hz (Fig. 7). At these
frequencies, the diffusion coefficients are y4(w;) ~ 4.3m~" and yyr(w2) &~ 1.6m™!, respectively. Close to the
resonance of the auxiliary system (w; /27 = 4.4 x 10* Hz), the spatial variation of the energy in the bar is well

0.012 0.012 |
’g —_
S E 0.01 |
z z
Z 0.008 Z 0.008 |
5} =
° 3
Z =
2 0.006 % 0.006
:
E 0004 2 0004 |
5 g
g 2
& 0.002 0.002 |
0 L L L L L L fl L MAVARvA 0 " " " " " " N T T
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(@) Position (m) (b) Position (m)

Fig. 6. Spatial variations of (a) potential energy density and (b) kinetic energy density of the homogeneous bar coupled with the linear

oscillators, at frequency w; /2n = 4.4 x 10* Hz: , exact values; ——, solutions of the diffusion equation.
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Fig. 7. Spatial variations of (a) potential energy density and (b) kinetic energy density of the homogeneous bar coupled with the linear
oscillators, at frequency w;/2n =7 x 10*Hz: , exact values; ——, solutions of the diffusion equation.
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approximated by the solutions of the energetic boundary value problem: Fig. 6 shows a small contribution of
the oscillatory contribution, as well as a strong decay of the energy along the bar. On the other hand, far from
the resonance (w,/2n = 7 x 10* Hz), the interference between progressive waves introduces strong differences
between exact values and energetic predictions.

It is worth noting that the coupling action of the auxiliary system results in non-equal values of the potential
and kinetic energy densities in general. When w <, the added inertia introduced by the auxiliary system
results in a smaller kinetic energy density. When o> €, the added stiffness of the auxiliary system results in a
smaller potential energy density.

2.3.2. A bar coupled with a fuzzy auxiliary system

The case investigated here consists of the same bar as before, coupled with a homogenous structural fuzzy
composed of elastic bars whose exact geometrical parameters are assumed unknown and are described
statistically (Fig. 8). A probabilistic model of the boundary impedance for such a fuzzy has been proposed in
References [9,12]. The case of a fuzzy auxiliary system addresses the diffusive behavior in a master structure
coupled with a non-deterministic appendage that has a continuous distribution of natural frequencies. The bar
is excited at the free end (x = 0) by a harmonic force of amplitude F = 1000 N.

The fuzzy consists in N = 50 identical subsystems. Each fuzzy subsystem is composed of 1000 clamped—free
bars whose length A and section area X are defined by two continuous independent normalized random
variables [9,12], with mean values 4 = 0.1m (length) and ~ = 5 x 10~'°m? (section area) and dispersion
parameters A; = 0.6 and A, = 0.4, respectively. The other parameters of the fuzzy are: mass density
p =31,400kg/m>, Young’s modulus E,=2.1x 10" Pa, loss factor 5 =5x1072, modal density
n~10"*(rads~")~!, fundamental natural frequency Q/2n ~ 4 x 103Hz. The mean mass of the fuzzy
corresponds approximately to 10% of the mass of the master structure.

The underlying assumptions of the diffusion model, (1) a>0, (2) b0 and (3) n,. = |b/a| <1, are first
numerically verified in the case of a fuzzy auxiliary system. At each frequency in the interval [10°Hz,
5 x 10° Hz], the mathematical expectation of the boundary impedance Z is calculated by numerical integration
over [Q,/4n, 10°Hz] [12]. The functions w+—> a/ag and w— ! are plotted in Fig. 9. The conditions (1)—(3) are
respected. The functions w—>a/ay and wr>n, reach their maximum approximately at the natural frequency
of the fuzzy Q,/2n ~ 4 x 10° Hz. Close to Q,/2x, the action of the fuzzy on the bar is both inertial and
dissipative. Below Q,/2n, the dominant effect is added inertia and above Q,/2x, the action of the fuzzy is
mostly to increase the equivalent damping in the bar (with an asymptotic value of the equivalent damping
being that of the bar in high frequency).

The potential energy and kinetic energy densities at position x = L/2 are presented in Fig. 10 as a function
of frequency. The diffusion coefficient of the bar coupled with the fuzzy y4r (Eq. (14)) is compared to the
diffusion coefficient of the uncoupled bar (Z =0) in Fig. 11. The diffusion model adequately picks up
the main trends in the frequency dependence of the potential and kinetic energies: the action of the fuzzy on
the bar is apparent in the frequency range [Q, /2, 10° Hz] starting at the fundamental frequency of the
fuzzy. In this frequency range, the response of the system is considerably damped. This is also apparent
on the diffusion coefficient ygi (Fig. 11) which is significantly increased in [Q; /27, 10° Hz]. The fuzzy clearly
enhances the diffusive behavior of the system in the frequency range starting at the fundamental frequency of
the fuzzy.

Fuzzy sub-system k

—
— Uy
- | - | -
= = =
--------------- Homogeneous bar Bttt g e

Fig. 8. Homogeneous bar coupled to a structural fuzzy.
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Fig. 9. Plot of the functions (a) w—a(w)/ag(w) and (b) w— |b(w)r—> /u(cu)‘ in the case of the homogenous bar coupled with a structural
fuzzy.
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Kinetic energy density (J/m)

10* 10° 102 10° 10* 10°

(a) Frequency (Hz) (b) Frequency (Hz)

Fig. 10. (a) Potential energy density and (b) kinetic energy density of the homogeneous bar coupled with the fuzzy, at position x = L/2:
——, exact values; ——, solutions of the diffusion equation.

3. Energetic model for a beam

The case of a bending beam is now analyzed: the energy behavior of a homogeneous beam (master
structure) coupled with a homogeneous and orthotropic auxiliary system composed of identical and
independent elastic subsystems is investigated in this section.

3.1. Energy equation of a beam coupled with an auxiliary system

We consider a homogeneous Euler—Bernoulli beam (master structure) of length L, coupled over its length
with a homogeneous and orthotropic auxiliary system. Assumptions (H1)-(HS5) of Section 2.1 regarding the
auxiliary system still hold. The disturbance on the coupled system is a transverse external harmonic excitation
of frequency w/2rn. Under pure bending assumption, the forces and moments applied to a beam element dx
located at position x are illustrated in Fig. 12.
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Fig. 11. Diffusion coefficient of the homogenous bar coupled with the fuzzy (——) and diffusion coefficient of the uncoupled

homogeneous bar ( ).
fldx
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| ﬁ ¢ V+@V/ox)dx
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Fig. 12. Dynamic equilibrium of a beam coupled to an auxiliary system.

The force equilibrium of the beam element is [13]

a—V—wszu—i—fxl:O (29)
ox
and the moment equilibrium condition gives [13]
-V + a—M ~ 0. (30)
Ox

Here, u represents the transverse displacement, V' is the shearing force, and M is the bending moment, defined
by M = EIo*u/dx* (EI: complex bending rigidity, E = Eo(1 + in): complex Young’s modulus, Ey: Young’s
modulus and #5: loss factor of the beam). It has been shown in References [9,12] that assumptions (H1)—(H5) of
Section 2.1 allow to write the surface force f applied by the master structure to the auxiliary system as a
function of a boundary impedance Z on the coupling surface (say I'),f = iwZu. In Eq. (29), 4 and p represent
the cross-sectional area and mass density of the beam, respectively, and / represents an arbitrary coupling
dimension along the bar width, the coupling surface area being given by |I'| = L x /.
Combining Egs. (29) and (30) results in

4

% —(a+ibu=0 in]o, L[, 31)
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where

o’pA —inZ x [ w’pA —inZ x 1
A2 (oA~ 1) -

Following an approach similar to the case of the bar, it is assumed that the solution of Eq (31) is composed of
weakly damped progressive and evanescent waves, provided: (1) a>0, (2) b0 and (3) nbe am <1 Where ni‘iam =
|b/a| is defined, for a#0, as the equivalent damping of the beam coupled with the auxiliary system.
Assumptions (1)—(3) allow to write Eq. (31) in the familiar form

azu e . oq —0 13
ax ( beam) ( 1'/Ibeam)u - ( )
where k{4 is the equivalent wavenumber of the beam coupled with the auxiliary system, (k{3 )* =a.

According to Eqgs. (32) and (4), it appears that the expressions of the equivalent damping for the beam and for
the bar are rigorously similar for auxiliary systems described by the same boundary impedance operator

Mheam = Mbar- (34)
In particular, under assumptions (1)~(3), the equivalent damping of the beam #;.,  is expressed from Eq. (7).
In the following, an energy approach instead of displacement Eq. (31) is used to solve the dynamics of the
coupled system. The time-averaged potential energy density U (J/m) and the time-averaged kinetic energy
density 7 (J/m) of the beam (master structure), integrated over the section of the beam [9], are given by [14]
ETuSu Bk o
4 ox2ox? 4 ’
where kg = w’pA/Eyl is the wavenumber in the uncoupled bar. These energy densities are solutions of two
coupled, eighth-order differential equations (Appendix B):

® /U K 3a> +bH)/k\ o* /U A 282 + b 2a(®+bY)/ky\ /U 0 .
6x8<T>_ 3k a ax4<T>+ —2ak} 2a> 4+ b* (T)‘(())' 37
The resolution of such a system was proposed by Le Bot et al. [4] in the case of an uncoupled homogeneous
beam. A similar approach can be applied in the present case: we suppose that the solutions of system (37) are

of the form
U; Ai(w) @)

Under the conditions (1) >0, (2) b#0 and (3) ny.,,, = 1b/al <1, the 16 eigenvalues {4},
(Appendix B):

{)}_{'\/_ €q \4/va \75 €q \4/a €q

U =

(35.,36)

16 are given by

.....

Mbeam> 2 ’/Ibeam’1 2 Nbeam?

2 nbedm’

2\/_7 _Z%a 21\7—’ _21%5

(1 4+ Dvay/ 1+ nply, =1+ DV ay/ 1+ gt 1+ DVay/ 1 —npd, =1+ DVay /1 —npls

(1 = )ay/1+ 1 — (1—i>w41+n§2am,(1—i)w“1—nzzam,—(1—i)%41—n;‘gam}. (39)

These solutions are distinct since it is supposed that i, #0 (b#0). Hence, the potential and kinetic energies

take the general form
U U;
(T>=Z<T_>. (40)
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The various eigenvalues can be physically interpreted as follows:

e Solutions Fi(a'/*/2) x npd  are associated to weakly fluctuating energy densities along the structure

(according to the condition ny!, < 1) which result from the interference between two evanescent waves. In
the high frequency range, such evanescent waves are however confined to the boundaries and excitation
point in the beam. It will be assumed that these waves, and hence the energy density associated to their
interference, are neglected far from the singularities [16].

e Solutions +2a'/4,+(1 £1)a"/*(1 £ 4% )'/* are associated to strongly fluctuating energy densities
along the structure. The solutions (1 +i)a'/*(1+ i )'/* result from the interference between
progressive and evanescent waves. Similarly, since evanescent waves are confined to the boundaries
and excitation point in the beam, the above solutions will be neglected in terms of energy density along
the beam.

e Finally, solutions =+ 2ia"* are associated to standing waves which result from the interference between two
progressive waves. Following Ichchou et al. [10] in the case of an uncoupled homogeneous structure, these

solutions can also be neglected. The validity of this assumption will be discussed in Section 3.3.

To summarize, under the assumption that evanescent waves are confined to boundaries and driving point
and that the energy resulting from interference between progressive waves can be neglected, the energy
densities of the structure can be obtained from the remaining two eigenvalues +(a'/*/ 2)ifpeam; the energy in the
system can be derived from the diffusion equation:

2275— Gair)’F =0 in]0, L[, (41)
where F designates either U or T, and y4; stands for the diffusion coefficient (m_l):
Vaitt = Moeam %/4- (42)
The general solution of Eq. (41) is
F = a7t 4 felar, (43)

where the spatial variations of the solution x+— F are related to the diffusion coefficient yg;.

It can be observed that, although the equivalent damping of the beam n;!, = is formally identical to the
equivalent damping of the bar . , the expressions of the diffusion coefficients for the two structures are
different (see Egs. (14) and (42)). That means that the energy densities in the two systems do not exhibit the
same spatial variations. This result seems natural if we consider that the equations of diffusion for bar and

beam are derived from strongly different energetic relationships (see Egs. (10) and (37)).

3.2. Energetic boundary conditions

The determination of the constants « and f§ in Eq. (43) requires energetic boundary conditions of the system,
at x = 0 and L. Similarly to the case of a bar, the energetic boundary conditions are expressed in terms of
active power in the beam. The assumptions (1) a>0, (2) b#0 and (3) n;.,, <1 previously stated still hold.
Active power P(x,w) is defined at position x € [0, L] and at frequency w /27 as [8]

1 O*u 1 0%udu
P=—_-ReJiwEl —ii —ReqiwEl — —». 44
2 e{lw ox3 u} +2 e{lw axzax} (“44)

Similarly, reactive power Q(x,w) is defined by [8]

o
0 u@u}. 45)

0=—tmmli P QLI P
2 @ 6x3u 2 @ Ox2 Ox
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Appendix C establishes that P and Q can be expressed from the third and seventh derivatives of the energy
densities:

P o K@= (bfay)  a@+(bja) = (bjam) \ o1 (U\
=—=|—a ~— +4a
0) 2k’ ko@n+ (b/a)) a@y+ (bja)y + (b/a)) | X"\ T
k(@8 +3(b/ay’ — 4(bjayy)  a®+T(b/a)’ — 4(bjayy —3(b/ay'n)\ & (U 46
. K4(8n + 3(b/ayn + 4bJa))  a(8n + T(b/a)y + 4(b/a) + 3(b/a)) | OX ( T) - 60

This expression generalizes the one proposed by Le Bot et al. [4] in the case of an uncoupled homogenous
beam. Considering Egs. (38), (40) and (46), it is possible to write

P Pi 16 C,((,O) ()
— — Ai (ux. (47)
<Q> Z(Q,) ;<D,~(w)>e

i

Following Le Bot et al [4], and provided that evanescent waves do not transmit energy separately [16], the
interference between progressive and evanescent waves can be neglected in the evaluation of the power. This
means that the terms {P;}; associated to solutions 4; = (1 £ i)a'/*(1 £ neb‘iam)l/ 4(2? ~ —4a) can be neglected in

Eq. (47). Under the conditions #p4, . <1 and n< 1, the remaining term {P;}; can be evaluated in Eq. (47). For
ie{1,2.3.4}, 2} = (a/16)1%%_*, and

beam °
Pi\  8wd 24k 2u 5 (U,
N —— — , Vie{l,2,3,4}. 48
< Qi) kob? <k3(2'7 +(b/a)) a@n+ (b/a)) | 0x3 \ T; i€ } (48)
For ie{5,6)7>8}7 /AL? = 1661, al’ld
P; 6wa*np 2k a o (U
A — ‘beam B Vi e 5,6,7,8. 49
<Q" ) kb kgn a(n+ (b/a)) ) 0x3 \ T; i€ } (49)

It can be assumed that the terms {P;};_s¢7s obtained from Eq. (49) are small compared than those
obtained from Eq. (48) and are therefore neglected. This means, among others, that the energy flow

resulting from the interference between progressive waves is neglected [16]. The validity of this assumption is
based on the fact that ;<1 and that, for i€ {1,2,3,4} and je{5,6,7.8}, [|ksd’U;/0x* + ad’ T;/0x*|| and
Hk363 U, /ox3 +a63Tj/6x3H are assumed to be of the same order. Finally, it will be assumed that the
evanescent waves, and hence the active power associated to their interference, are neglected far from the

singularities [16]. Therefore, the active power is simply expressed as a function of the remaining two
eigenvalues /;(w) = #(a'/*/2)|b|/a. In this case the active and reactive components of structural power are

given by
P; _2w./a Zkg 2a 5 (U -
(Q,-> Kb (ké(zn +(b/a)) a2+ (b/a))> o ( T ) i=12, (50)

where U; and T; are the solutions of diffusion Eq. (41). It is possible to decouple P; and Q; in Eq. (50) if we
assume that the relation ng = aT holds for a beam (the equivalent relation k(z)U = aT has already been

established for a bar as a consequence of Eqgs. (21) and (24)). In the case of an uncoupled beam (a = kg), the
relationU = T Vx has been verified under the above assumptions by Ichchou et al. [10]. Hence, the active
power P can be expressed from the spatial derivative of either the potential energy density, or the kinetic
energy density:

_8w/adlU __ 8wa/adT

P ~ .
b 0ox’ kéb Ox

(51,52)
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To summarize, the potential energy density of the beam is obtained by solving the following energetic
boundary value problem, formulated from diffusion Eq. (41) and relationships (51) and (52), under the
conditions (1) a>0, (2) b#£0, (3) n;e = |b/a|<1 and n<1:

beam
*U
# — ar(@)* U(x,w) =0, x€l0; L[,
oU(x, ) _ blw) oU(x, w) _ bo) (53)
B m 0, ), Tox |, mP(L, ).

Similarly the kinetic energy is obtained by solving the energetic boundary value problem

62

% — Qain(@)’T(x,0) =0, x€]0; L[,

OT(xv, )| _ ko(@)*hw) PO.w), T _ Ko(@)*b(@) P(L, ). Y
0x  |mo  8wa(w)/a(w) Ox  |op 8wa(w)y/a(w)

In the general case where a;ék(z) (beam coupled with an auxiliary system), we observe that U#T. In the case of
an uncoupled beam, we simply verify that the energetic problems formulated above are identical to the results
obtained in the literature [10]: in this case, yg;; ~ n°w?/c;, where ¢, represents the group velocity of the waves

propagating in the beam, ¢, = 2(w2E01/pA)1/4; furthermore, 0U /Ox = 0T /Ox ~ —(nw/ZCj) x P V¥x, and
U=Tvx.

3.3. Numerical results

The numerical solutions of energetic boundary value problems (53) and (54) are compared to the exact
energy densities, obtained by solving the exact displacement equation (31) and using Egs. (35) and (36) to
derive the exact potential and kinetic energy of the coupled bar.

We consider a free—free elastic homogeneous Euler—Bernoulli beam. The characteristics of the beam are:
bending rigidity E,f = 175 Nm?, density p = 7800kg/m’, length L = 1 m, cross-sectional area 4 = 10 ~*m?
and loss factor # = 5 x 107>, The beam is excited at x = 0 by a harmonic force of amplitude F = 100 N. The
energetic boundary conditions of the system are P(0,w) = Pisj(w), where Py is the injected power calculated
from the exact displacement solution,

Pipi(w) = —%Re{inu(O, w)} (55)

and P(L,w) = 0. The auxiliary system is a homogenous structural fuzzy composed of elastic bars whose exact
geometrical parameters are assumed unknown and are described statistically (Fig. 13). The fuzzy couples to
the transverse displacement of the beam, and is identical to the one simulated in the case of a bar (Section 2.3),
therefore the boundary impedance Z is identical. At 10°Hz and at 10° Hz, the uncoupled beam contains
approximately three bending wavelengths and 33 bending wavelengths over its length, respectively.

The underlying assumptions of the diffusion model, (1) a>0, (2) b0 and (3) 0, <1, are first numerically
verified in this case of a fuzzy auxiliary system. The functions w—a/ag and w— ;! - (equivalent damping) are

Fuzzy sub-
system k
——
| Hﬂmﬂ
--------------- Homogeneous beam cmimimmmsieimimen B X

Fig. 13. Homogeneous beam coupled to a structural fuzzy.
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Fig. 14. Plot of the functions (a) w—a(w)/ap(w) and (b) w— |b(w)|—> /a(w)| in the case of the homogenous beam coupled with a structural
fuzzy.

Potential energy density (J/m)
Kinetic energy density (J/m)
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Fig. 15. (a) Potential energy density and (b) kinetic energy density of the homogeneous beam coupled with the fuzzy, at position x = L/2:
——, exact values; ——, solutions of the diffusion equation.

plotted in Fig. 14. According to Eq. (34) the equivalent damping of the beam ., is formally identical to the

equivalent damping of the bar n;. (see Fig. 9). The dissipation introduced by the fuzzy auxiliary system into
the beam is significant at frequencies above the fundamental mode of the fuzzy, Q,/2n ~ 4 x 10° Hz. The
function w+—a/ay is very similar to that found in the case of the bar (Fig. 9).

The potential energy and kinetic energy densities at position x = L/2 are shown in Fig. 15 as a function of
frequency. The diffusion coefficient of the beam coupled with the fuzzy yqir (Eq. (42)) is compared to the
diffusion coefficient of the uncoupled beam (Z = 0) in Fig. 16. The exact energy values in Fig. 15 do not show
the resonance of antisymmetric beam modes at the observation point (x = L/2) since according to Egs. (35)
and (36), the corresponding value of the potential and kinetic energy is zero at this point. In contrast, the
solution of the diffusion equation shows peaks on resonance of the antisymmetric modes because the injected
power boundary condition P(0, ®) = Piyj(w) (derived from the exact displacement solution) has a maximum at
these frequencies. Similar to the case of a bar, the action of the fuzzy on the beam is apparent above the
fundamental frequency of the fuzzy. In this frequency range, the response of the system is considerably
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Fig. 16. Diffusion coefficient of the homogenous bar coupled with the fuzzy (——) and diffusion coefficient of the uncoupled

homogeneous bar (

).

damped. This is also apparent on the diffusion coefficient 4 (Fig. 11) which is significantly increased in the
frequency range [Q;/2m, 10°Hz], as compared to the uncoupled beam. The fuzzy enhances the diffusive
behavior of the system above the fundamental frequency of the fuzzy.

4. Conclusion

In this paper, the energetic behavior of a one-dimensional structure coupled with an auxiliary system
composed of resonant arbitrary subsystems has been formulated on the basis of a diffusion model. The kinetic
and potential energy densities are obtained by solving two energetic boundary-value problems whose solutions
are smooth exponential functions of the spatial coordinate along the system. In the context of energy
diffusion, the proposed model has the advantage of characterizing the coupled system by a single diffusion
coefficient. Solutions predicted by the diffusion model show that the potential and kinetic energy of the system
are not generally equal. In the two cases of auxiliary subsystems investigated (discrete oscillators and
continuous fuzzy subsystems), it has been shown that the local heterogeneity introduced by the auxiliary
system increases the effective diffusion coefficient of the global system.

Appendix A. Derivation of Eqs. (11) and (12)
The characteristic equation X* + 4aX? — 4b> = 0 of Eq. (10), has solutions such that

2 b\?
X' = —2a£2a\[1+(~) . (A.1)

Under the small damping condition (3) nyi = |b/a| <1,

bar

X 1/b\’
X2~ 2a+2a|1+=(=) |, (A.2)
2 \a

X — {b_z' ~ta) (A3)
a’ ’ :

or
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Finally, the roots of the characteristic polynomial are

(x) = { e 2V, -G } (Ad)

Thus, the general solution F of Eq. (10) can be expressed as the sum of two functions x—G and x+— H,
solutions of second-order differential equations with roots {X} = {b//a,—b//a} and {X} = {2i/a, —-2i/a},
respectively:

o b\?

a—xf - a<5> G=0 i, LI, (A.5)
*H .
S HAal =0 ino, L] (A.6)

Appendix B. Derivation and solution of Eq. (37)

The potential energy density U and the kinetic energy density 7 is a beam are given by

Eol 3ud’u Eolk}
= = B.1,B.2

4 a2 ox PR (B.1.B.2)
where k) = w?pA/Eol. Using Egs. (B.1), (B.2) and (31), the fourth-order space derivatives of U and T can be
written

U (& + b oudu 33udu

AR LY N B.

oyt = 2V O T Bl (@ +’b)a Frena a0k e rn (B-3)
OT _uT 4 kU + Eylk 63—”@Jra—”@ (B.4)
oxt 0 070\ 333 0x T dx o '

It is possible to eliminate the displacement u in Egs. (B.3) and (B.4) by differentiating again four times with
respect to x. Finally, after some algebra,

»® /U 4a  12a®+PH/K\ * /U 42a* + b —Sa(@ + bk /U 0
@(T) -\ 12k 4a @(T) * —8akj) 42d* + b*) (T) - (0) (B-5)

We seek solutions of the form
U A\
= e™. (B.6)
T B

The corresponding characteristic equation is
(A —4a)* + 4Qd* + b)) — (&> + b)(122* +8a)> =0 (B.7)
or alternatively,
(/18 — (da+ 12V@ + D) +40d> + 1) — &MZEIYF)
x (7 = (40 =12V + )i + 400 + ) + 8aV/a + ) = 0. (B.8)
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Under the conditions ¢>0 and |b/a| <1, the solutions take the simple form

M,-},:{V—E@ Japl  Jabl . ab

24 2a 24 "2 a4
2Ya, —2¥a,2iYa, —2iVa,

b b
a+ivaih+ 2 neah 2 a ea 1+'——(1 a1+
. b|
(+iai/ = sigaifi o —igay ~iday a'}
Appendix C. Derivation of Eq. (46)
Active power P is defined as [14]
P = Py+ Py,

where Py represents the active power transmitted due to the shearing force,

Py, = C!)Eo] 1 63 u-+ @ + a-”_u_ + @

=Ty T Tt ) T e T e

and P,, represents the active power transmitted due to the bending moment,
wEl (. {®*udu %udu *udu  *udu

Py = l—-———]—-nl—5=—+=—=—1].
4 0x20x Ox20x Ox20x 0Ox20x
Similarly, reactive power Q is defined by [14]
0=0y+ 0y,

where Qy represents the reactive power due to the shearing force,

Q _O)E()I _ @_4_@ +i _a3_uﬁ+@
Y74 o T N~ 3"
and Q,, represents the reactive power due to the bending moment,
0 _wEpl 62u@+@6u ti *udu  *udu
M™ 4 0x20x Ox20x Mox2ox  oxox) )
Combining Egs. (C.2), (C.3), (C.5) and (C.6) results in
wEol <a3u_ u ) Py — 0y

E)

4 \ow" o 1+ 92

oEl (O u\ _nQy+ Py
4 ox3 T axd ) i(l+nd)”

wEyl azu@_i_%@u Py —0y

4 \ox20x  ox2ox) 1+72 °

wEyl (*udu % du N0y + Py
ox20x ox2dx)

4 dx ox2dx i(1+n») -~

913

(B.9)

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)
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Using the definition of kinetic and potential energy densities (B.1) and (B.2) and Eq. (31), it can be shown
that the following space derivatives of U and T can be written:

U 1
e m(3a(’7PV — Q)+ 36Oy + Py) —amPy — Qy) — b Q) + PM))
o°’T ky
03 = m((’?PV - Qy) =3Py — QM))
o'U 2 5 o2 (C.11)
—(18¢% + 176°) Py — Qpy) — ab(n Qs + Par))
o'T 2k ) .
o m(lSa(nPV — Qy) + 17b(nQy + Py) — 14a(mPy — Qpy) — T Q) +PM))
The inversion of (C.11) gives:
o(l + 1) LO'U a7T U 5 , T
Py — Qy) = _781(31)2 — koﬁ az 7 + 48a koa T+ (48a° + 34D s
o(l +n%) 0'U , 20T
Py)=——7——| —dakj— — (4 b y—
(’/IQV_’_ V) 8]{3[)3 a ( a” + ) x7
4 2,40 2 O'T
+(64a’ky + 14b ko) + (64’ + 50ab 6 3>
C.12)
ol +n?)/ DU T SU LT (
(nPM—QM)=—Tgl72 koﬁ— o 7+16 kg + (164 + 1407
_o(l+17) WO'U 2 a2 T
(1Qu -+ Pan) == s ( akiz— = (4a 4 357)=
T
+(64a2k] + 34b2k4) + (64d° + 62ab’ = 3>
Finally, the active and reactive powers are expressed according to Egs. (C.1)—(C.6):
o o'U T
= a5 (-kg(za —bn) 57 - Qd®> +b* — e
o’u o’T
+4kg(8a* 4 3b* — 4ab;7)W + 4(8d® + Tab® — 4a*by — 3b7y) @) (C.13)

and

0= s (hiCan+ DET -+ an S

3 3
T
+4k3(8a*n + 3b™n + 4ab)—U + 48a’n + Tab*n + 4a*b + 3b3)— . (C.14)
x3
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These two equations are written in matrix form

P\ ko2 = (bfam) a2+ (bjay —(b/a) \ o7 (U
0) = 2k \ "\ Kien+ by a@y+blarn+bay |\ 7
k(8 +3(b/a)y’ —A(bjayy)  a(8+ T(b/a)’ — 4(b/ayy — 3(b/ay’n) \ o

kg(8n + 3(b/ay'n +4(b/a)) a8y + 1(b/ay*n + 4(b/a) + 3(b/a)’) 3 (C.15)
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